I. INTRODUCTION
The study of sprays is not only a challenging problem from the perspective of basic research, but it is also important in engineering applications. This work attempts to provide a comprehensive account of the statistical representation of sprays and multiphase flows using the theory of stochastic point processes.
While sprays are only part of the wide variety of multiphase flows, they share several characteristics in common with other multiphase flows. Therefore, to a large extent the findings of this study are relevant to a broader class of multiphase flows. The results are applicable to any multiphase flow that is characterized by a single-point statistic such as the average number density or average void density, and in which the total number of particles ͑where by particles we mean droplets as well as solid particles͒ is a fluctuating quantity.
A primary motivation for this study is to establish the mathematical relations between single-point statistical quantities such as the droplet distribution function ͑ddf͒, and single-droplet pdfs. These relations are important because they enable us to understand precisely which events associated with the ensemble of spray droplets can be characterized by single-point statistical descriptions such as the ddf introduced by Williams, 1 and which cannot. This understanding will also help in a meaningful comparison of experimentally measured spray statistics to statistics computed using ddfbased spray models.
Another objective of this study is to establish the correspondence between the ensemble of spray realizations and single-point statistics. This correspondence has consequences for direct numerical simulations ͑DNS͒ of multiphase flows. Detailed numerical calculations of bubbles, 2 and numerical simulations of particles 3, 4 and droplets 5 are currently active areas of research. Also large eddy simulations ͑LES͒ of particle-laden flows 6 and sprays is an important area of emerging research. In both DNS and LES, the ensemble of droplets or particles is usually initialized on the basis of some single-point statistics. Since the DNS or LES represents a single realization drawn from the ensemble of spray realizations, it is of interest to determine the correspondence between the ensemble of realizations and single-point statistics.
Statistical representations of sprays have been studied by several other researchers. As already noted, the droplet distribution function was first proposed by Williams. 1 Also Edwards and Marx 7 considered statistical descriptions of sprays in terms of point processes, but their work does not give the relations between the ddf and single-droplet pdfs. Also the issue of the relationship between the ensemble of spray realizations and single-point statistics in the context of a pointprocess model is not resolved in their work. Reeks 8, 9 consida͒ Tel: ͑732͒ 445-3656; Fax: ͑732͒ 445-3124; electronic mail: shankar@email.eng.rutgers.edu ered the kinetic equation for the transport of particles in turbulent flow. In that work he uses an average phase space density of particles, but that quantity is not defined in terms of the single-particle density, nor are the issues raised here addressed. However, his work does attempt to make the important connection between kinetic theory and the statistical description of sprays, both of which are based on the theory of point processes.
While the kinetic theory of gases and the statistical representation of sprays do share this common ground, there are significant differences between the two physical systems. In kinetic theory it is reasonable to assume that the molecules are identically distributed. Furthermore, under the condition of molecular chaos it can be assumed that the molecules are also distributed independently of each other. 10 This greatly simplifies the relationship between the single-point statistical description of the multiparticle system, and the singleparticle pdf. However, the assumption of identically distributed spray droplets is not valid in general, nor can spray droplets be assumed to be independently distributed unless the spray is very dilute. These characteristics warrant a closer examination of the exact relationship between single-point statistical descriptions and single-droplet pdfs for sprays.
Images of sprays generated by injectors in internal combustion engines 11, 12 show that there is considerable variation in the total number of droplets at any time instant, from one injection experiment to the other. Furthermore, if one considers multihole injectors 11 then even on the same injection experiment there is significant variation in the instantaneous total number of droplets in each spray plume issuing from different holes of the injector. This illustrates another important difference between spray theory and kinetic theory, namely, that in kinetic theory the fluctuations of the total number of molecules about the mean can be assumed to be small, and in any case one is usually interested in the limit of infinite number of molecules. However, in sprays neither is the number of droplets infinite, nor are the fluctuations of the total number of droplets about the mean negligible. The statistical representation of sprays is now investigated with these differences in mind.
II. STATISTICAL REPRESENTATIONS
Consider a spray at time t as an ensemble of spherical droplets, or droplets that can be characterized by a single length scale parameter. The total number of spray droplets N s (t) is a non-negative integer-valued random variable, which is finite with probability 1. The ith spray droplet is characterized by its position vector X (i) (t) ͑which is defined as the center of mass of the droplet͒, its velocity vector V (i) (t), and its radius R (i) (t) (R (i) (t)Ͼ0). The position, velocity, and radius of a spray droplet are called the droplet properties, and the droplet property vector associated with each droplet is a seven-dimensional random vector. 13 There are two ways in which the statistical properties of the ensemble of droplets can be characterized. These two approaches are similar to those used in kinetic theory 14 because the statistical representation of sprays and the kinetic theory of gases and plasmas share a common mathematical foundation in the theory of stochastic point processes. In kinetic theory terminology, one method is called the Liouville approach, while the other is termed the Klimontovich approach.
A. Klimontovich description
In the Klimontovich approach the ensemble of droplets is characterized in a seven-dimensional position-velocityradius phase space ͓x,v,r͔ by a fine-grained density function f Ј which is defined as
Note that ͓X (i) ,V (i) ,R (i) ͔ are the Lagrangian coordinates of the ith droplet, whereas ͓x,v,r͔ are the Eulerian coordinates of the phase space. In the Klimontovich approach the finegrained density function f Ј represents the density of droplets in a seven-dimensional phase space. Since f Ј is composed of delta functions it is not a smooth function in phase space.
The number of droplets in any region of phase space can be obtained by integrating f Ј over that region. Since only droplets with nonzero radius belong to the spray system, if for convenience of notation we denote r ϩ to be the positive r-axis (rϾ0), then it is sufficient to integrate over regions only in ͓x,v,r ϩ ͔ space. If the number of droplets in any region B ϩ in ͓x,v,r ϩ ͔ space is denoted N s (B ϩ ;t), it is obtained by integrating f Ј over the region B ϩ such that
f Ј͑x,v,r,t͒dxdvdr.
͑2͒
The ensemble average of the Klimontovich fine-grained density f Ј is denoted f (x,v,r,t), and in spray theory it defines the droplet distribution function ͑ddf͒, f ͑ x,v,r,t ͒ϵ͗ f Ј͑x,v,r,t͒͘
͑3͒

It follows that if the expected number of droplets in a region
B ϩ of ͓x,v,r ϩ ͔ space is denoted ͗N s (B ϩ ;t)͘, it is obtained by integrating the ddf f (x,v,r,t) over the region B ϩ such that
f ͑ x,v,r,t ͒dxdvdr. ͑4͒
It should be noted that f (x,v,r,t) is not a probability density function, since it does not integrate to unity over the phasespace on which it is defined. The ensemble-averaged Klimontovich fine-grained density, or droplet distribution function, is a useful way to characterize those single-point statistics of a spray which are relevant to constructing engineering models.
B. Liouville description
In the Liouville approach a fine-grained density function f ͓N s ϭk͔ Ј which is conditional on the total number of droplets ͓N s ϭk͔, is defined as
͑5͒
The fine-grained Liouville density gives the density of spray systems ͑each composed of N s ϭk droplets͒ in the 7k-dimensional phase space. The Liouville probability density function ͑pdf͒ f ͓N s ϭk͔ , which is also conditional on ͓N s ϭk͔, is defined as the ensemble average of the finegrained Liouville density function,
The Liouville pdf f ͓N s ϭk͔ is the joint multiparticle 15 probability density, which, for a fixed total number of droplets N s ϭk, characterizes all joint ͑multiparticle͒ events of the ensemble. The Liouville pdf contains more information than the ddf, and is closer to a complete statistical description of the spray as a point process, than the ddf. We are interested in this complete statistical description for several reasons.
C. Rationale for establishing the complete statistical description
The complete statistical description of a spray as a point process gives a great deal of insight into the statistical description of sprays and multiphase flows. The most fundamental consequence of the complete point-process statistical description is the definition of the sample space of the point process, which in turn leads to the ensemble of unordered events associated with the spray. This has important implications for DNS of sprays and multiphase flow, where a single realization of the flow is simulated. In particular, the complete point-process statistical description tells us how individual realizations in a DNS should be initialized, and how the DNS results should be interpreted. Similar conclusions can be drawn for LES models of sprays.
D. Correspondence of the two descriptions in kinetic theory
An important intermediate step to establishing all these connections is the relationship between the ensembleaveraged Klimontovich fine-grained density ͑ddf͒ and the Liouville pdf. Essentially this establishes the correspondence between the multiparticle information contained in the Liouville description, and the single-point statistical information expressed by the ensemble-averaged Klimontovich finegrained density, or ddf. The standard approach in kinetic theory is to successively integrate the Liouville probability density to obtain marginal densities which are defined on lower-dimensional phase spaces, thereby resulting in the well-known BBGKY hierarchy. 14 In particular, the single-particle 16 pdf can be obtained, which in kinetic theory can be shown to be simply related to the ensemble-averaged Klimontovich fine-grained density. However, in the case of sprays establishing this relation is not as straightforward as in kinetic theory.
E. Differences between spray theory and kinetic theory
Despite the similarities between spray theory and kinetic theory, there are subtle differences between droplets in a spray and molecules in a gas. Some of the important differences that are relevant to this study are enumerated below.
͑1͒ Ordering of particles in the ensemble: A fundamental assumption in kinetic theory is that the ordering of the molecules is not relevant to their statistical characterization in terms of the Liouville pdf. 10, 14 In particular, in standard kinetic theory it is assumed that the molecules are identically distributed, and also that they are distributed independently of each other. This is sufficient to guarantee that the Liouville pdf associated with the ensemble of molecules is independent of the ordering of the molecules. It is shown in this work that the assumption of independent, identically distributed spray droplets needs to be examined carefully. The conclusion is that the Liouville density associated with the ensemble of spray droplets cannot be assumed to be independent of ordering for general spray problems. ͑2͒ Fluctuations about the expected total number of particles: Another important difference concerns the total number of particles characterizing the point process in these two physical systems. A standard procedure in characterizing molecular systems is to decompose the total number of molecules into an expected total number of molecules and a fluctuation about this mean value. In kinetic theory the fluctuations about the expected total number of molecules can be assumed to be small, whereas in sprays this assumption does not hold, as shown by experimental observations. 11, 12 In Fig. 1͑a͒ a possible distribution of values of N s , and the associated probabilities are shown. ͑3͒ Total number of particles: In kinetic theory one is usually interested in the limit of infinite total number of molecules. In sprays however, it is appropriate to consider the total number of spray droplets to be almost surely finite. ͑4͒ Independence and the volume fraction: In the kinetic theory of ideal gases the volume occupied by the molecules is assumed to be negligible compared to the volume occupied by the gas. 10 If this condition holds true, then the assumption of independently distributed molecules is plausible even if the number density of the molecules is large. 17 The assumption of negligible volume fraction is unnecessarily restrictive for the statistical representation of a general multiphase flow as a point process. However, it is important to note that this may not be a serious restriction for sprays. Although the near-injector ͑dense-spray͒ region of sprays is characterized by large average liquid volume fractions, this is caused by the presence of an intact liquid core; the liquid volume fraction associated with the dispersed-flow region is quite small ͑less than 0.1%͒. 18, 19 In plasma kinetic theory it is known that the Liouville and Klimontovich descriptions bear a simple relation to each other.
14 This simple relation rests on assumptions that are violated in spray systems, owing to the differences between spray droplets and gas molecules noted above. In this work it is required that the statistical descriptions of sprays account for these differences from the kinetic theory. These differences significantly complicate the relationship between the Klimontovich and Liouville descriptions of sprays. This is because an intermediate symmetrization procedure is required.
III. THE NEED FOR SYMMETRIZATION
The Klimontovich description deals with unordered sets of particles. Therefore, if the Liouville pdf is to be related to the Klimontovich description, it too must be independent of the ordering of the particles in the ensemble, i.e., the Liouville probability density must be completely symmetric with respect to the labels associated with each particle. 10, 14 In other words, we do not care which particle is called particle number 1, etc. The same idea is echoed in stochastic point processes, where when dealing with unordered sets of points it is required that the distributions should be symmetric with respect to ordering of the points in the ensemble ͓p. 121, DVJ ͑Ref. 20͔͒.
It is shown in this section that, for the general spray problem, the assumption that the Liouville probability density associated with droplets is symmetric with respect to ordering is not justified. Therefore, the Liouville probability density must first be symmetrized before it can be related to its Klimontovich counterpart. This symmetrization procedure also naturally leads to a unique single-particle marginal density which can be obtained from the unique symmetrized Liouville probability density. In the next two sections the symmetrized Liouville density and the single-particle pdf are defined. This then leads to the complete statistical description of the spray as a point process. Then the correspondence of the Klimontovich description ͑in terms of the droplet distribution function͒ to the Liouville description is established.
It has already been noted that molecules are assumed to be independent, and identically distributed ͑i.i.d͒ in standard kinetic theory. 10 Together these assumptions constitute a sufficient condition for the Liouville pdf associated with the ensemble of molecules to be independent of the ordering of molecules in the ensemble. We now explore the validity of the assumptions that are needed to ensure that the Liouville density associated with the ensemble of spray droplets is ordering-independent.
When considering the validity of these assumptions it is important to keep in mind that the ordering-independence property must hold at every time instant for the spray droplet system. In other words, not only should the orderingindependence of the Liouville pdf hold for the ensemble at initial time, but it should also hold true as the spray evolves in time. The assumptions needed to ensure orderingindependence are shown schematically in Fig. 2 top half depicts the conditions needed at initial time, and the bottom half shows the conditions on the spray evolution. We first consider the conditions for ordering-independence at an initial time.
A. Symmetric Liouville density at initial time
It is useful to classify sprays into those that admit the independently distributed droplets assumption, and those that do not ͑cf. box marked I in Fig. 2͒ . It is conceivable that a spray may be so dilute that the droplets in the ensemble can be assumed independently distributed at initial time. Although it is difficult to justify this assumption, its implications are explored for the sake of completeness.
Independently distributed droplets: Dilute spray
If the spray droplets are independently distributed, then it is natural to ask under what conditions can they also be assumed to be identically distributed. Before we decide under what conditions the identically distributed droplets assumption holds, we need some basic definitions. Let O denote the set of all observable properties of a spray droplet. The droplet position, velocity, and radius properties belong to this set. In addition, O could also include other droplet properties such as temperature, chemical composition, surfactant concentration, or rotation rate of the droplet about its center of mass. Furthermore, if one considers a multiple injector spray problem, another observable property may be an identifying marker ͑for example a dye color͒ with which droplets issuing from each injector could be tagged. Since there is no limit to the number of droplet properties can be observed, clearly the set O can contain a countable number of elements.
Let the set of properties used to characterize the droplet be denoted C, which is a subset of the set of observable properties O. In our discussion up to this point, the set C has only consisted of the position, radius, and velocity properties of the droplet, which appear in our Liouville and Klimontovich density definitions. Let us also define a set of distinguishing properties D which is a subset of OϪC.
Clearly, if the set of characterizing properties is equal to the set of observable properties ͑CϭO͒, then the set of distinguishing properties is an empty set ͑Dϭл͒. In other words the droplets are indistinguishable. Therefore, if the droplets are characterized by all their observable properties, then each droplet is identically distributed, and their properties at an initial time can only be represented by identically distributed random vectors ͑cf. box marked II in Fig. 2͒ . In this case, the Liouville density defined in the sample space corresponding to O is ordering-independent at initial time, and symmetrization is not necessary. However, since O can contain a countable number of elements, this is not useful in practice.
In practical situations C is a finite subset of O. In this case the initial ordering-independence of the Liouville pdf depends on whether the droplets are identically distributed ͑in the sample space defined by the elements of C͒, with respect to the elements of D ͑cf. box marked III in Fig. 2͒ . Both outcomes are now described.
a. Nonidentically distributed droplets:
We now propose a thought experiment with nonidentically distributed droplets. The purpose of this example is twofold. One is to ascertain the implications of nonidentically distributed droplets for the single-particle density. The other is to show that the notion of ͑non͒identically distributed droplets is closely tied to which properties are assigned to C ͑and D͒.
Consider a dilute spray in a box of homogeneous, isotropic turbulent gas flow. The total number of spray droplets N s in this thought experiment is deterministic, and chosen to be always equal to 2. The droplet position and radius are observable properties. The only characterizing property considered is the droplet position. Therefore the sole element of the set of distinguishing properties is the droplet radius.
The two droplets are introduced from one face of the box with the same initial velocity. One droplet has a radius r 0 , and the other droplet has a radius of 10r 0 . The droplet radii are fixed for all time. If we assume that each droplet's deceleration is inversely proportional to its radius, 21 it then follows that at any time instant after injection the larger droplet will have traveled longer distances from the injection plane than the smaller droplet. Therefore the position pdfs of the two droplets are different because they have different radii.
Furthermore, let the spray be so dilute that the two droplets do not influence each other, whence it follows that the positions of the two droplets are independent of each other. At some time t 0 after injection let the position pdf of the droplet of radius r 0 be g(x;t 0 ), and the position pdf of the droplet of radius 10r 0 be h(x;t 0 ), and as noted g h.
For the purposes of illustration we consider a onedimensional droplet position vector, e.g., only the x-component of the droplet position vector is considered. A sketch of the position pdf's g(x;t 0 ) and h(x;t 0 ) of the droplet position pdfs is given in Fig. 3 .
At time t 0 we consider the two possible orderings of the ensemble of droplets. In the first ordering ͑called O1͒ the droplet with radius r 0 is placed in the first index location, and the second location is occupied by the droplet with radius 10r 0 . For this ordering the Liouville probability density f ͓N s ϭ2͔ O1 (x 1 ,x 2 ;t 0 ), which is defined in a six-dimensional phase space, is given by by virtue of g(x 1 ;t 0 ) being a pdf.
In the second ordering ͑called O2͒ the droplet with radius 10r 0 is placed in the first index location, and the second location is occupied by the droplet with radius r 0 . For this ordering the Liouville probability density f ͓N s ϭ2͔
O2
(x 1 ,x 2 ;t 0 ), which is also defined in a six-dimensional phase space, is given by
The marginal single-droplet density f 1 ͓N s ϭ2͔;O2 (x 1 ;t 0 ) represents the pdf of the first droplet's position in this two-droplet system, and is obtained by integrating f ͓N s ϭ2͔
(x 1 ,x 2 ;t 0 ) over all x 2 to yield
by virtue of g(x 2 ;t 0 ) being a pdf.
The following important conclusions can be drawn for this simple example of independent but nonidentically distributed droplets:
͑1͒ It is clear from Eqs. ͑7͒ and ͑10͒ that for nonidentically distributed droplets the Liouville probability density is
) for different orderings of the droplets in the spray ensemble. In other words, the Liouville probability density is not symmetric with respect to the ordering of droplets in the ensemble. ͑2͒ For a given ordering of the droplets in the ensemble, say O1, a unique single-droplet pdf cannot be defined since the single-droplet pdf is dependent on the index location ͓cf. Eqs. ͑8͒ and ͑9͔͒.
͑3͒ Another manifestation of the above nonuniqueness is that the single-droplet pdf associated with a particular index location is also different for different orderings of the ensemble ( f 1 ͓N s ϭ2͔;O1 (x 1 ;t 0 ) f 1 ͓N s ϭ2͔;O2 (x 1 ;t 0 )).
Clearly in this situation, the symmetrization procedure is needed even at initial time in order to define an orderingindependent Liouville density. Now let us consider a statistical representation where both position and radius properties to belong to the set of characterizing properties C. The Liouville probability density f ͓N s ϭ2͔
O1
(x 1 ,r 1 ,x 2 ,r 2 ;t 0 ), which is defined in an eightdimensional phase space, is given by
This reflects the fact that the droplet in either location 1 or 2 has a radius r 0 with probability 0.5, and radius 10r 0 with probability 0.5. Furthermore, if the droplet has radius r 0 , then its position pdf is given by g, and if it has radius 10r 0 , then its position pdf is given by h. The marginal singledroplet density f 1 ͓N s ϭ2͔;O1 (x 1 ,r 1 ;t 0 ) represents the joint pdf of the first droplet's position and radius in this two-droplet system, and is obtained by integrating f ͓N s ϭ2͔
(x 1 ,r 1 , x 2 ,r 2 ;t 0 ) over all (x 2 ,r 2 ) to yield
which is identical to the marginal single-droplet density f 2 ͓N s ϭ2͔;O1 (x 2 ,r 2 ;t 0 ) ͑the joint pdf of the second droplet's position and radius͒,
Therefore, this example also shows that the property of being identically distributed is dependent on which properties are assigned to C, and which are assigned to D. It is also shown later in this section that the choice of characterizing properties also affects the ordering-independence property of the Liouville density associated with the spray droplets at later time as the spray evolves.
b. Initially identically distributed droplets: It is possible that even if D is a nonempty set, at initial time the droplets are identically distributed with respect to every ordering permutation that the distinguishing properties permit. For instance, let us suppose that we can measure every droplet's position, velocity, radius and chemical composition. However, we choose the characterizing set of droplet properties to consist of only the position, velocity and radius. The droplet's chemical composition is the sole element of D.
One can conceive of a situation where droplets can be distinguished on the basis of their chemical composition, but their position, velocity and radius properties are identically distributed at initial time ͑e.g., consider a situation where FIG. 3 . Sketch of the position pdfs g and h ͑only x-component considered͒ in the two-droplet thought experiment. The single-droplet pdfs that arise from the two different orderings of the ensemble are shown. They are different because the Liouville density is not symmetric with respect to ordering of droplets in the ensemble. The unique symmetrized single-droplet pdf, which is defined in terms of the symmetrized Liouville density, is different from both single-droplet densities that arise from the physical system. each droplet is composed of a mixture of chemical components such that the liquid density of all the droplets is the same, even though the chemical components are present in different concentrations resulting in each droplet having a different chemical composition͒. Therefore, although droplet chemical composition can be made a distinguishing property for the purpose of the statistical representation of the droplets, it does not affect the ordering independence of the Liouville density based on the set of characterizing properties ͓cf. Eq. ͑6͔͒. This corresponds to the situation illustrated by the path I→II→III leading to an initially ordering-independent Liouville pdf in Fig. 2 .
Droplets not assumed to be independently distributed
For general spray problems it is difficult to justify the assumption of independently distributed droplets. It is possible that this assumption could be tested using statistical tests performed on data collected from spray experiments. However, it is unlikely that this would lead to a simple condition on single-point statistics quantifying how dilute a spray should be such that the droplets can be assumed to be independently distributed. Therefore, not assuming independently distributed droplets ͑path I→IV in Fig. 2͒ is more justifiable for general spray problems.
It is possible that the initial Liouville density could be symmetric even if the droplets are not independently distributed. However, the droplets must be identically distributed if their Liouville density is symmetric with respect to ordering. It has already been noted that although the situation CϭO ͑Dϭл͒ leads to identically distributed droplets, this is not useful in practice since O can contain a countable number of elements. If D is a nonempty set, then there are two possible outcomes. If the droplets are not identically distributed in the sample space defined by the elements of C, then symmetrization is required ͑outcome marked N under box IV in Fig. 2͒ .
If the droplets are identically distributed, then the assumption of a symmetric Liouville pdf ͑box marked V in Fig. 2͒ requires that all multiparticle densities arising from the Liouville pdf must also be ordering-independent. This assumption is needed because even identically distributed droplets may have ordering-dependent multiparticle statistics ͑e.g., distance to the nearest neighbor may be differently distributed for different droplets͒. If this is the case, and if each droplet's evolution is not independent of the others, then even if the droplets are initially identically distributed they can become nonidentically distributed ͑implying an ordering-dependent Liouville density at future time͒ as the spray evolves.
Clearly the requirement that all multiparticle densities arising from the Liouville pdf be ordering-independent is a strong property of the droplet ensemble that is hard to verify. At this stage, one must either admit the need for symmetrization, or proceed with the assumption of an initially symmetric Liouville pdf that is difficult to justify.
B. Symmetric Liouville density after evolution
Given an initially symmetric Liouville pdf, the preservation of this symmetry after evolution depends on whether any of the distinguishing properties affects the evolution of the statistics of the characterizing properties. The two possible outcomes are illustrated by examples.
One can easily conceive of sprays where a distinguishing property ͑e.g., the rotation rate of the droplet about its center of mass͒ which is not an element of the usual set of characterizing properties ͑droplet position, velocity, and radius͒ can affect the evolution of the characterizing properties as the spray evolves. In this case, even if the spray can be assumed to be so dilute that the droplets are independently distributed for all time, the ordering-independence property of the Liouville density is not preserved under temporal evolution of the spray. This is because there is a property outside the characterizing set which affects the evolution of the droplet dynamics, and hence can be used as a basis for distinction at later time. One might expect that droplets with initially different signs for the rotation rate about center of mass may have differently distributed position pdfs at later time.
It is plausible that none of the distinguishing droplet properties determine the evolution of the characterizing droplet properties. For instance, consider a spray generated by multiple injectors where each droplet can be distinguished by a color tag which identifies its parent injector. The set of characterizing properties C consists of the droplet position, velocity, and radius, while D consists of a single element which is the parent injector identifier. Let all the injectors generate drops with identically distributed position, velocity and radius properties at some initial time. Furthermore, let the initial Liouville pdf be symmetric with respect to ordering.
Although the parent injector identifier can be made a distinguishing property for the purpose of the statistical representation of the droplets, it does not affect the evolution of the statistics of the characterizing properties. Such a set of characterizing properties is denoted a completely selfcontained set of characterizing properties. Even so, the droplet Liouville density would retain its ordering-independence property only if an additional condition given in box VII of Fig. 2 is satisfied.
Condition VII states that the gas phase flow-field must be statistically homogeneous for the ordering-independence property of the Liouville density to hold under spray evolution. This is because if the gas phase flow-field is statistically inhomogeneous in physical space, then the evolution of the statistics of each droplet's characterizing properties ͑posi-tion, velocity and radius͒ becomes dependent on the droplet's initial position. Then at future time droplets can be distinguished on the basis of their initial position. In other words, droplets drawn from different initial positions in the field would no longer be identically distributed as the spray evolves.
Therefore, in order to represent a temporally evolving spray system using identically distributed droplets, several conditions need to be satisfied: ͑i͒ initially orderingindependent Liouville density, ͑ii͒ completely self-contained set of characterizing properties, and ͑iii͒ statistically homogeneous gas-phase flow. It is evident that most spray systems do not satisfy these assumptions.
C. General spray: Ordering-dependent Liouville density
In the general spray problem with spatially inhomogeneous gas-phase flow, drop-drop interactions, and a set of characterizing properties that is not completely selfcontained, the Liouville density associated with the droplets will be ordering-dependent. In other words, for a general spray problem with total number of droplets ͓N s ϭk͔, the Liouville probability density conditional on ͓N s ϭk͔ will not be equal for two different orderings O1 and O2 of the droplet ensemble,
If the Liouville description is to be related to the Klimontovich description, a Liouville density must first be defined that is symmetric with respect to ordering. Such a symmetric Liouville density can assign unique, ordering-independent probabilities to all unordered multiparticle events. In addition, unique single-particle marginal densities can be derived from it. The definition of a Liouville density that is symmetric with respect to ordering is established in the next subsection using a procedure known as symmetrization.
IV. THE SYMMETRIZED LIOUVILLE DENSITY
The symmetrized Liouville probability density for an ensemble with total number of droplets N s ϭk is defined as
where the summation ͚ perm is taken over all k! permutations of indices, and the normalizing factor 1/(k!) ensures that the symmetrized density has the same total mass as its unsymmetrized counterpart ͓p. 122, DVJ ͑Ref. 20͔͒. For the two-droplet thought experiment, the symmetrized density is given by
2 ͕g͑x 1 ;t 0 ͒h͑ x 2 ;t 0 ͒ϩh͑ x 1 ;t 0 ͒g͑ x 2 ;t 0 ͖͒.
͑17͒
Note that the symmetrized density resolves both manifestations of the nonuniqueness of single-droplet pdfs raised earlier in this section, which are ͑i͒ for a given ordering the single-particle pdf associated with all index locations is identical, i.e., and ͑ii͒ the single-particle pdf associated with a given index location is the same for all possible orderings of the ensemble. The second observation follows from the orderingindependent definition of the symmetrized Liouville density given in Eq. ͑16͒. Now a unique single-particle density f 1 ͓N s ϭ2͔;sym can be unambiguously defined in terms of the symmetrized Liouville probability density, regardless of which particle is chosen to be ''the single particle,'' f 1 ͓N s ϭ2͔;sym ͑ x;t 0 ͒ϭ 1 2 ͕g͑x;t 0 ͒ϩh͑ x;t 0 ͖͒.
͑20͒
It is noteworthy that the symmetrized single-particle density is not equal to either of the single-droplet densities that arise from the physical system. A sketch of the unique single-particle pdf f 1 ͓N s ϭ2͔;sym (x;t 0 ) ͑only x-component considered for the purposes of illustration͒ which is defined in terms of the symmetrized Liouville density is shown in Fig. 3 . Also shown are the nonunique single-droplet pdfs f 1 ͓N s ϭ2͔;O1 (x 1 ;t 0 ) and f 1 ͓N s ϭ2͔;O2 (x 1 ;t 0 ) arising from the two different orderings of the two-droplet ensemble.
The surrogate droplet ensemble. The procedure of symmetrizing the Liouville probability density may be interpreted as replacing the physical ensemble of spray droplets with a surrogate ensemble which is equivalent to every ordering permutation of the physical ensemble, insofar as ''unordered'' events are concerned ͓see Figs. 4͑a͒ and 4͑b͔͒. Consequently, the symmetrized Liouville probability density can only assign probabilities to such unordered events. As an example consider the probability of finding three droplets in a sphere of unit radius centered at the origin. Since the event is an unordered event, its probability can be calculated using the symmetrized Liouville probability density. In fact, the symmetrized Liouville probability density f ͓N s ϭk͔ sym (x 1 ,v 1 ,r 1 ,...,x k ,v k ,r k ,t) provides a complete probabilistic description of all multiparticle unordered events that arise from the ensemble of ͓N s ϭk͔ droplets.
As a counterexample, consider the probability of finding the droplet with the highest velocity in the same sphere of unit radius centered at the origin. Since the definition of the event refers to a specific droplet 22 in the ensemble which arises from an ordering of the drop velocities, it is not an unordered event, and its probability cannot be calculated using the symmetrized Liouville probability density.
V. THE SINGLE SURROGATE-DROPLET DENSITY
It is now possible to unambiguously define a unique single-particle probability density function arising from the symmetrized Liouville probability density, in a manner analogous to the single-particle probability density in the BBGKY hierarchy of kinetic theory. The single surrogatedroplet density is defined as
where the superscript ͓N s ϭk͔ serves to indicate that this single surrogate-droplet density is defined for the ensemble which has a total of N s ϭk droplets. Similarly, the multiparticle density of j surrogate droplets taken together, given that there are k total number of droplets in the ensemble, is defined as
A. Alternative expression for the single-particle density
There is an alternative way to arrive at the same single surrogate-droplet density, which gives insight into the surro- 
Then it can be shown that the single surrogate-droplet density as defined in Eq. ͑21͒ may also be expressed as
In other words, the single surrogate-droplet density is the arithmetic mean of all possible definitions of the singledroplet density. This definition is necessarily independent of the ordering of the ensemble. If the droplets are independently distributed, then this interpretation of the single surrogate-droplet leads to a physical interpretation of the surrogate droplet. The surrogate droplet's properties are simply the arithmetic means of the corresponding properties all the droplets in the ensemble, provided they are independent. In other words, if ͓X s ͓N s ϭk͔ ,V s ͓N s ϭk͔ ,R s ͓N s ϭk͔ ͔ represent the position, velocity, and radius of the surrogate droplet, then in an ensemble with a total number of k independently distributed droplets, the surrogate droplet's properties are given by
An important point to note is that while symmetrization of the Liouville pdf results in identical single-particle pdfs, the mere assumption of identical single-particle pdfs is not sufficient to guarantee the required symmetry property of the Liouville pdf. This is because the Liouville pdf characterizes all multiparticle events, not just single-particle ones. Therefore, the additional assumption of independently distributed particles is required to specify the multiparticle pdfs in terms of the single-particle pdfs. Consequently, i.i.d particles guarantee a symmetric Liouville pdf, but identically distributed particles do not. If the particles are neither identically nor independently distributed, a symmetrized Liouville pdf can still be defined, but this corresponds to the statistical characterization of a surrogate ensemble. If the particles are independently ͑but not identically͒ distributed, this surrogate en- semble is composed of identically distributed surrogateparticles, whose properties are the arithmetic mean of the original particle properties.
B. Summary
The assumption of independent, identically distributed molecules guarantees the Liouville density in kinetic theory to be symmetric with respect to ordering. The weaker assumption of identically distributed molecules is sufficient to allow the definition of a unique single-particle density. However, without the independence property, the symmetrization procedure is still needed to define a symmetric Liouville density which uniquely characterizes all unordered multiparticle events.
Unlike molecules in a gas, spray droplets are in general neither identically distributed, nor are their distributions independent of each other. This results in an orderingdependent Liouville density of the spray droplet ensemble. The unique probabilistic characterization of unordered multiparticle events requires a symmetrization of the Liouville density. This symmetrization procedure corresponds to replacing the original physical ensemble of droplets with a surrogate droplet ensemble. Another useful consequence of symmetrization is that the single-particle pdfs arising from the surrogate-droplet ensemble are unique. However, the probability density functions associated with a single surrogate-droplet can be very different from those associated with the physical droplets. If the droplets are independently distributed, any property associated with the surrogate droplet can be interpreted as the arithmetic mean of the corresponding property associated with the ensemble of physical droplets.
VI. COMPLETE POINT-PROCESS STATISTICAL DESCRIPTION OF THE SPRAY
It has been noted that the symmetrized Liouville probability density f ͓N s ϭk͔ sym (x 1 ,v 1 ,r 1 ,...,x k ,v k ,r k ,t) provides a complete probabilistic description of all unordered multiparticle events that arise from the ensemble of ͓N s ϭk͔ droplets. However, we have also noted that the total number of droplets in the spray ensemble N s is a random variable, and that the fluctuations of this quantity about its mean value are important and must be accounted for in the statistical description. Therefore, a complete statistical description of the spray as a point process involves specifying the sequence of probabilities for the events ͓N s ϭk͔, kу1, which are denoted
and the corresponding sequence of symmetrized Liouville densities
For completeness we also specify p 0 ϭ0. This complete probabilistic description constitutes one specification of a finite point process, and is sufficient to define the point process ͓p. 126, DVJ ͑Ref. 20͔͒.
VII. CORRESPONDENCE OF THE LIOUVILLE AND KLIMONTOVICH REPRESENTATIONS FOR SPRAYS
We are now in a position to relate the Liouville and Klimontovich representations of the spray ensemble. First, we consider the case where the total number of droplets in the ensemble is fixed. Then the general case where the total number of droplets is a random variable is treated using standard conditioning arguments in conjunction with the result for the deterministic case.
A. Deterministic total number of droplets
Let the total number of droplets in the ensemble N s be equal to k. Consider the expected number of droplets in a region B ϩ in the ͓x,v,r ϩ ͔ space, conditional on the total number of droplets being ͓N s ϭk͔. This quantity is denoted ͗N s (B ϩ ;t)͉N s (t)ϭk͘, and may be written as the following series summation, where each term corresponds to selecting j droplets at a time in the region B ϩ , from the total ensemble of k droplets,
͑30͒
The probability of there being j droplets at a time in the region B ϩ , given that there are a total of k droplets in the ensemble is given by the integral of the multiparticle surrogate-droplet density f js ͓N s ϭk͔ (x 1 ,v 1 ,r 1 ,...,x j ,v j ,r j ;t) ͓defined in Eq. ͑22͔͒ over B ϩ . Substituting these densities into the above equation we obtain
Each of the integrals on the right represents a multiple integral over the appropriate multidimensional space. Now consider the limit where the region B ϩ is shrunk to a point in the ͓x,v,r ϩ ͔ phase space, i.e., the limit B ϩ ↓0. If the point process is such that multiple points ͑particles͒ are not allowed at the same location 23 then all but the first term in the summation on the right-hand side of Eq. ͑30͒ vanish in this limit, resulting in
where f (k) (x,v,r,t) is defined as
v,r;t ͒, ͑33͒
and we have replaced (x 1 ,v 1 ,r 1 ) with (x,v,r) since we only refer to the single surrogate-droplet density in this equation, which is identical for all indices. The function f (k) (x,v,r,t) can be interpreted as the density of expected number of droplets in phase space, conditional on the total number of droplets in the ensemble being equal to k. Furthermore, Eq. ͑33͒ shows that this number density is equal to k times the single surrogate-droplet density.
B. General case: Total number of droplets is a random variable
If the total number of droplets N s is random and takes values ͓N s ϭk͔ with probability p k , then using standard conditioning arguments it follows that the unconditional expected number of droplets in an infinitesimal region B ϩ in the ͓x,v,r ϩ ͔ space is given by
Recall from Eq. ͑4͒ that the integral of the ddf f (x,v,r,t) over a region B ϩ in ͓x,v,r ϩ ͔ space yields the expected number of droplets in B ϩ . Comparing Eq. ͑34͒ to Eq. ͑4͒ it follows that
͑35͒
Since the total number of droplets is assumed to be finite with probability 1, the terms in the above series will be zero for k larger than some finite number. The expression for the ddf f (x,v,r,t) in Eq. ͑35͒ tells us that simply knowing the ddf does not uniquely determine the sequence of p k and f 1s (k) (x,v,r;t). There is no reason to assume that the f 1s (k) (x,v,r;t) will be the same for different values of k. The above development shows that the f (x,v,r,t) is the ͑unconditional͒ density of expected number of droplets in ͓x,v,r ϩ ͔ phase space. The advantage of the present development is that it clearly shows the relation between the ddf and the sequence of single surrogate-droplet densities in Eq. ͑35͒. In fact, Eq. ͑35͒ shows that the ddf is a superposition of each of the number densities of droplets in phase space f (k) (x,v,r,t), where each number density f (k) (x,v,r,t) is weighted by the appropriate probability p k .
VIII. SINGLE-POINT STATISTICAL REPRESENTATIONS
By single-point statistical representations we mean any statistical information concerning a stochastic process that can be represented at a single space-time location (x,t) ͑see p. 82 in Panchev 24 ͒. The single-point statistical description of the spray in terms of the ddf is discussed.
A. The droplet distribution function: Superposition of number densities in phase space
Subramaniam 25 has shown that the theory of point processes can be used to define a ''disintegration'' of the ddf in terms of a density of expected number of droplets in physical space, and a joint pdf of velocity and radius. This joint pdf of velocity and radius is important because it can be related to spray measurements. One may also define a position pdf in physical space based on the density of expected number of droplets in physical space. The exact relation of these pdfs to the single surrogate-droplet pdf sequence is now established, with a view to clarifying the exact nature of the joint pdf of velocity and radius.
There is a probability density function f in ͓x,v,r ϩ ͔ space associated with the ddf, which is defined as f ͑ x,v,r,t ͒ϵ 1
This probability density function can be related to the single surrogate-droplet probability densities f 1s (k) (x,v,r;t) by simply dividing both sides of Eq. ͑35͒ by ͗N s (t)͘ to obtain
v,r;t ͒. ͑37͒
The pdf f associated with the ddf is a number-and probability-weighted superposition of single surrogatedroplet pdfs.
If the droplet distribution function is integrated over only ͓v,r ϩ ͔ space, the density ͑in physical space͒ of the expected number of spray droplets n s (x;t) is obtained This density n s (x;t) is also referred to as the spray intensity. The density of the expected number of spray droplets n s (x;t) can also be expressed as a superposition of probabilityweighted conditional densities of expected number of droplets in physical space such that
where
is the density of expected number of droplets in physical space, conditional on the total number of droplets N s being equal to k. The position pdf f X (x;t) associated with the ddf is obtained by either normalizing n s (x;t) by the expected total number of droplets ͗N s (t)͘, or equivalently by integrating f (x,v,r;t) over all ͓v,r ϩ ͔ space,
Similarly, the single surrogate-droplet pdf conditional on ͓N s ϭk͔ can be integrated over all ͓v,r ϩ ͔ space to define the position pdf of the single surrogate-droplet ͑conditional on ͓N s ϭk͔͒:
v,r;t ͒dvdr. ͑42͒
Again, it is of interest to see how the position pdf f X (x;t) is related to the sequence of position pdf's of the single surrogate-droplet. This is obtained by integrating both sides of Eq. ͑37͒ over ͓v,r ϩ ͔ space, resulting in the following relation:
The result of this calculation is an unambiguous definition, and clear understanding, of the position pdf f X (x;t) associated with the ddf, namely, that it is the number-and probability-weighted sum of the single surrogate-droplet position pdfs. It is therefore incorrect to call it a single-particle pdf, since it is really a superposition of a weighted sequence of single-particle pdf's. It has been demonstrated that the ddf is the superposition of probability-weighted conditional densities f (k) (x,v,r,t) of expected number of droplets in phase-space. We have also shown that the pdf f (x,v,r;t) associated with the ddf, and the position pdf f X (x;t) associated with the ddf, are numberand probability-weighted summations of their single surrogate-droplet counterparts.
A simple thought experiment will illustrate the difference between the position pdf f X (x;t) associated with the ddf, and the single surrogate-droplet position pdfs it is composed of.
B. Example to illustrate differences in representation
Consider spray droplets in a two-dimensional plane which are confined to a square in ͓x 1 ,x 2 ͔ space, which is centered at the origin and has its corners at ͓͑Ϫ0.5,Ϫ0.5͒, ͑0.5,Ϫ0.5͒, ͑0.5,0.5͒, ͑Ϫ0.5,0.5͔͒ as shown in Fig. 5 . The only droplet property considered is each droplet's spatial location which is fixed for all time. The total number of droplets in the spray N s takes only two possible values of 100 and 1000, each with probabilities p 100 ϭ0.8 and p 1000 ϭ0.2. The expected total number of droplets ͗N s ͘ is given by ͗N s ͘ϭ100•p 100 ϩ1000• p 1000 ϭ80ϩ200ϭ280.
͑44͒
The single surrogate-droplet densities are inhomogeneous in only the x 1 spatial coordinate. The single surrogatedroplet density conditional on N s ϭ100 is given by
•͓H͑x 2 ϩ0.5͒ϪH͑x 2 Ϫ0.5͔͒, ͑45͒
where H(x 1 ) is the Heaviside function and is zero for x 1 Ͻ0, and unity otherwise. When there are 1000 droplets in the spray the single surrogate-droplet density is given by
•͓H͑x 2 ϩ0.5͒ϪH͑s 2 Ϫ0.5͔͒. ͑46͒
These functions are shown in Fig. 5 . This implies that the number density of droplets in physical space is 400/͑unit area͒ for x 1 р0 in the left half-plane, and 160/͑unit area͒ in the right half-plane. We now compute the density of the expected number of spray droplets in physical space n s (x;t) using Eqs. ͑39͒ and ͑40͒ to be n s ͑ x;t ͒ϭ͓400H͑ x 1 ϩ0.5͒Ϫ240H͑x 1 ͒Ϫ160H͑ x 1 Ϫ0.5͔͒
•͓H͑x 2 ϩ0.5͒ϪH͑x 2 Ϫ0.5͔͒. ͑47͒
This implies the position pdf associated with the ddf is given by
•͓H͑x 2 ϩ0.5͒ϪH͑x 2 Ϫ0.5͔͒, ͑48͒ which is shown in Fig. 6 . Note that n s (x;t) as given by Eq. ͑47͒ correctly reproduces the droplet number densities in the left half-plane as 400/͑unit area͒, and in the right half-plane as 160/͑unit area͒.
This example illustrates the importance of numberweighting in the definition of f x (x;t) given by Eq. ͑43͒, and highlights the difference between f x (x;t) and the individual single surrogate-droplet position pdfs. This thought experiment also provides a justification for the interpretation of the ddf as a superposition of probability-weighted number densities as given by Eq. ͑35͒, since only this definition can yield the correct expression for n s (x;t) as given by Eq. ͑47͒. If on the other hand n s (x;t) were defined as
this definition would not correctly reproduce the density of expected number of droplets in the left-and right-hand plane in the example. This observation raises an important question concerning the fundamental single-point statistical representation of the spray as a point process.
C. Fundamental single-point statistical representation
In pdf models of single-phase turbulent flow, 24,26 the single-point statistical representation of the Eulerian velocity field U(x,t) at a space-time location (x,t) is given by the Eulerian joint pdf of all three velocity components f U (u;x,t) at that location. It is clear that two-point statistics such as ͗U i (x,t)U j (xϩs,t)͘ cannot be characterized by f U (u;x,t), neither can f U characterize gradient statistics such as ͗‫ץ‬U i /‫ץ‬x j ͘(x,t). However, since all single-point moments of the velocity U(x,t) at the specified location can be obtained from f U , the statistical characterization of U(x,t) in terms of f U can be termed fundamental, or complete, in this sense.
The expression for the ddf given by Eq. ͑35͒ shows that the ddf representation of a spray is fundamentally different from the single-point characterization of U(x,t) in a singlephase turbulent flow by f U (u;x,t). This is because the ddf contains information about p k ϭ P͓N s ϭk͔ and ͗N s (t)͘, which constitute statistical information concerning the global properties of the spray, in addition to f 1s (k) (x,v,r;t), which is single-point statistical information. Furthermore, the ddf is not the only single-point statistical characterization as shown in the previous subsection. An equally legitimate, but perhaps not as useful, single-point statistical characterization of the spray is given by
which cannot be expressed in terms of the ddf. Therefore, the ddf ͑or its disintegration in terms of the intensity and a jpdf of velocity and radius͒ is certainly not a unique, or fundamental, single-point statistical characterization of the spray as a point process.
Since different combinations of probabilities p k ϭ P͓N s ϭk͔ and single surrogate-droplet pdfs f 1s (k) (x,v,r;t) correspond to different sprays which cannot be distinguished on the basis of the ddf alone, the fundamental single-point statistical characterization of the spray as a finite point process is given by
and the corresponding single surrogate-droplet pdfs,
IX. JOINT PDF OF VELOCITY AND RADIUS
Having established the necessary background concerning the position pdf associated with the ddf, we are now in a position to understand the exact nature of the jpdf of velocity and radius and its relation to spray measurements. If the spray is modeled as a marked point process, 25 then the ddf can be expressed as the product of the intensity of the point process in physical space, and a jpdf of velocity and radius conditioned on physical location. The jpdf of velocity and radius conditioned on physical location f VR c (v,r͉x;t) is expressed in terms of the ddf as
In terms of the fundamental single-point characterization of the spray, f VR c (v,r͉x;t) is given by
͑52͒
Therefore, f VR c (v,r͉x;t) corresponds to a number-and probability-weighted sum of jpdfs of position, velocity, and radius of a single surrogate-droplet, conditioned on the number-and probability-weighted sum of position pdfs of the single surrogate-droplet.
In pdf modeling of constant-density turbulent flows the Lagrangian jpdf of fluid particle position X ϩ (t) and velocity U ϩ (t) can be related to the Eulerian jpdf of the Eulerian velocity field U(x,t) by a conditioning argument. 27 There the conditioning is on the position of the fluid particle being at the field location x, i.e., the conditioning is on the event ͓X ϩ (t)ϭx͔. In contrast, the jpdf f VR c (v,r͉x;t) does not correspond to conditioning on the event that a droplet's position FIG. 6 . Sketch of the position pdf f implied by the ddf for the thought experiment. The thought experiment demonstrates that the ddf is the superposition of the probability-weighted number-densities in phase space.
is at the field location x. For this reason, the jpdf f VR c (v,r͉x;t) is not denoted the Eulerian jpdf of droplet velocity and radius in this work.
The jpdf f VR c (v,r͉x;t) is not a Eulerian jpdf since it does not characterize the probability of a Eulerian event ͓in the sense of U(x,t) being a Eulerian event in a random-field model of turbulent flow͔. Furthermore, f VR c (v,r͉x;t) is not referred to as the joint pdf of droplet velocity and radius, since for the general case of nonidentical spray droplets this immediately raises the question as to which droplet's velocity and radius is being referred to. It has been established in this work that single-particle statistics for a general spray must necessarily refer only to the surrogate droplet ensemble. For this reason, the adjective ''droplet'' has been eschewed in this work wherever its use is questionable in the sense just described.
X. IMPLICATIONS FOR DDF SPRAY MODELS
The ideas developed thus far in this study, and in particular the resulting relationship between the ddf and the single surrogate-droplet pdfs given in Eq. ͑35͒, have important implications for ddf-based spray models.
͑1͒ Events characterized by the ddf:
The relation between the ddf and the single surrogate-droplet pdf's given in Eq. ͑35͒ tells us that the ddf contains less information than the entire sequence of single surrogate-droplet pdfs, and the sequence of probabilities p k , kу1. Since each single surrogate-droplet pdf in the sequence appearing in Eq. ͑35͒ is obtained by successively integrating the symmetrized Liouville probability density conditional on ͓N s ϭk͔, it contains less information than the corresponding symmetrized Liouville pdf. Therefore, unlike the symmetrized Liouville pdf which characterizes the probabilities of all multiparticle unordered events, the single surrogate-droplet pdf only characterizes the probabilities of single-particle unordered events. The ddf contains even less information, and it does not contain information concerning the probabilities of single-or multiparticle unordered events associated with the spray ensemble. For example the ddf cannot be used to calculate the probability of finding three droplets in a sphere of unit radius centered at the origin. The ddf only represents the density of expected number of droplets in phase space. The jpdf f VR c (v,r͉x;t) which is inferred from the ddf can be used to define moments of smooth functions Q s (v,r) of velocity and radius. These moments must be interpreted in light of the relation between f VR c (v,r͉x;t) and the single surrogate-droplet pdfs, which is given in Eq. ͑52͒.
͑2͒ Comparison of ddf-based spray model predictions with experiment:
The relation given in Eq. ͑35͒ also imposes limitations on direct comparison of quantities predicted by ddf-based spray models, and those obtained from experimental measurements of the physical spray problem. The jpdf f VR c (v,r͉x;t) is a useful mathematical idealization, but is inaccessible to experimental measurement since these measurements are necessarily made over some finite volume in physical space. However, experimental measurements can be related to the numberweighted average of f VR c (v,r͉x;t) over a region in space-time, which is given by
where A is the measurement volume in physical space, and T is the measurement time interval. Further details on comparison of ddf predictions to experimentally measured quantities are given by Subramaniam in Ref. 25 .
There is also an implication which is relevant to commonly-used particle method solutions 28 to ddf-based spray models. It is not meaningful to compare instantaneous snapshots of spray droplets obtained from experiment to scatter plots of computational particles representing a solution to the ddf evolution, for the following reasons: ͑a͒ The ddf and the experiment refer to different ensembles. The model refers to the surrogate droplet ensemble whereas the experiment refers to the physical droplet ensemble. ͑b͒ The physical spray droplets correspond to a realization of the random variable N s (t), whereas the computations do not represent N s (t) at all-the ddf model only represents the expected total number of droplets ͗N s (t)͘.
Therefore, a direct correspondence between computational particles and spray droplets is not possible.
XI. DNS AND LES OF SPRAYS
DNS of a single-phase turbulent flow is a numerical solution of the evolution of the fluid continuum as described by the Navier-Stokes equations, in which the smallest scales of the continuum field are represented. Even though the Navier-Stokes equations describing a turbulent flow are deterministic, each solution to these equations can be considered a random field because the initial and boundary conditions can only be nominally specified. Therefore each DNS simulation can be regarded as a single realization of the flow. Similarly, a DNS of a multiphase flow can be regarded as a single realization of the multiphase flow field. In this section the implications of the point process representation of sprays for DNS of multiphase flow are discussed.
Single-point statistical representations such as the ddf provide a convenient means of characterizing sprays and other multiphase flows. The ddf has the added advantage of being easily related to experimental measurements, and these relations have already been described in this work. However, the relationship between the ensemble of spray realizations and the ddf, or any other single-point statistical representation for that matter, is complicated. Direct numerical simulations of multiphase flow are usually initialized on the basis of some single-point statistical characterization of the multi-phase flow, such as the density of expected number of droplets in physical space n s (x;t). Therefore, two important questions which must be addressed are:
͑i͒ How should a DNS, which corresponds to a single realization of the multiphase flow, be initialized on the basis of single-point statistics? ͑ii͒ Can such an initialization procedure access the entire sample space of spray realizations?
It is then equally important to ascertain to what extent the information contained in such a DNS, and its evolution, are dependent on the initialization procedure. Whether the full sample space of spray realizations is simulated or not can influence the results of the DNS. For instance, the expected vaporization rate at a given location in ͓x,v,r ϩ ͔ space, or the expected acceleration 29 at such a location can change depending on the initialization procedure. Therefore, any multiphase DNS result should be carefully interpreted, keeping in mind the influence of the initialization procedure.
A. The sample space of spray realizations
The difference between the ensemble of realizations ͑or sample space͒ of single-phase turbulent flows, and the ensemble of realizations for sprays, arises from a fundamental difference between the statistical representation of turbulent flows and that of sprays. Some background information from probability theory that is relevant to this subsection is provided in the Appendix for the interested reader.
Turbulent single-phase flows are usually modeled as random fields, i.e., the Eulerian turbulent velocity field U(x,t) can be modeled as a random field parametrized by space and time. On the other hand, in this work we have considered the statistical representation of a spray as a point process.
In the finite point process model of a spray each realization is given by a set of random vectors ͕͓X (1) ,... . This is also shown schematically in Figs. 4͑a͒ and 4͑b͒ . Finally Fig. 4͑c͒ shows how information from the surrogate ensembles contributes to a single-point statistical representation such as the ddf.
From the above development it is also clear why the phase space variables x, v, and r which appear in the argument list of the ddf should not be called sample space variables-the true sample space is of course ⍀ ͑although often Y ഫ is also sometimes imprecisely referred to as the sample space͒. Since the expectation measure ͑i.e., the expected number of droplets in a region of phase space͒ of the point process can be written as a continuous density in the phase space variables x, v, and r, they are appropriately termed measure space variables.
The fact that the expectation measure of the point process can be written as a continuous density in the measure space can mislead one to believe that the densities n s (x;t) and f VR c (v,r͉x;t) provide information concerning probabilities of pointwise Eulerian events. In part this confusion is also due to the fact that in random-field models of turbulent flow, the Eulerian jpdf can be related to its Lagrangian counterpart by a conditioning argument. 27 It has been shown in this work that such an interpretation is not warranted in a point-process representation of a spray.
B. Initialization of DNS
It was noted that DNS of multiphase flow are often initialized on the basis of the density of expected number of droplets in physical space n s (x;t). Another way to initialize the DNS is on the basis of the average liquid volume density in a region in physical space. Since the arguments developed in this section are equally valid for both characterizations, only the n s (x;t) characterization is considered.
An important consequence of Eqs. ͑39͒-͑40͒ which relate the density of expected number of droplets in physical space n s (x;t) to the single surrogate-droplet pdfs is that different combinations of p k and f 1s (k) (x,v,r;t) can result in the same ddf ͓cf. Fig. 4͑c͔͒ . This implies that either a DNS must make some assumptions about the fundamental single-point statistical representation given by Eqs. ͑49͒-͑50͒, or the DNS must have some means of predicting the sequence of p k and f 1s (k) (x,v,r;t). In the absence of specific reference to these quantities, the only plausible interpretation of a DNS of multiphase flow initialized on the basis of n s (x;t) is that it assumes p ͗N s ͘ ϭ1, as shown in Fig. 1͑b͒ . This assumption can have disastrous consequences. Again consider the example in the second subsection under the section on single-point representation of sprays. In that example the total number of droplets in the spray N s takes only two possible values of 100 and 1000, each with probabilities p 100 ϭ0.8 and p 1000 ϭ0.2. If a DNS of this spray example is initialized with expected total number of droplets ͗N s ͘ϭ280, and position pdf f x (x;t) given by Eq. ͑48͒, then it will have the correct number densities in the left-and right-hand planes. However, clearly the results 32 of this DNS will be very different from those obtained from a DNS initialized on the basis of the fundamental single-point statistical representation for that example, i.e., p 100 , p 1000 , f 1s
(N s ϭ100) (x), f 1s (N s ϭ1000) (x). In other words, by assuming that the total number of particles in a simulation is always equal to its expected value, the DNS is not representing the ensemble of spray realizations correctly. Therefore, an important conclusion of this study is that DNS studies which use an initialization procedure based on n s (x;t) must specify the initial distribution of p k and f 1s (k) (x,v,r;t), so that the DNS results may be correctly interpreted in light of the initialization procedure. However, it is important to realize that even specifying the initial distribution of p k and f 1s (k) (x,v,r;t) does not constitute the representation of a point in the sample space of spray realizations ͓cf. Figs. 4͑a͒- semble. An important consequence of this initialization procedure is that it restricts the DNS to representing information concerning unordered events associated with the spray ensemble. Although such a DNS of multiphase flows contains more information than a single-point statistical representation, it still does not contain information concerning individual spray droplets, or ordering-dependent information. Furthermore, it is important to check if the information concerning unordered events associated with the spray ensemble is faithfully represented as the DNS evolves in time. It is now shown that if the operations of symmetrization and DNS evolution commute, then the DNS results at future time will accurately represent the information concerning unordered events associated with the spray ensemble, provided the DNS is initialized on the basis of the complete point-process statistical description of the spray.
C. DNS evolution and the commutation hypothesis
The evolution of any realization of a spray under DNS over a specified time interval can be represented by the motion of a point in the product space Y ഫ . If the realization corresponds to an ordering O1 of the spray droplets, then evolution under DNS corresponds to the motion of point A in the product space Y ഫ , to AЈ, as shown in Fig. 7 . For different orderings O2 and O3 of the droplets in the ensemble, let the corresponding points in the product space Y ഫ be denoted B and C, respectively. Realizations of the spray ensemble corresponding to these two orderings evolve under DNS over the same time interval to points BЈ and CЈ, respectively A,B,C,. ..͒ is identical to that obtained following DNS evolution of the initial symmetrized Liouville density ͑corresponding to point S͒. It appears that the commutation hypothesis cannot be conclusively disproved ͑or proved͒ analytically.
However, one can conceive of a simple experiment which can resolve the issue of whether the operations of evolution of the ordering-specific Liouville density under DNS, and symmetrization, commute. This example shows that ͑a͒ the evolution of the Liouville density ͑corresponding to a specific ordering of the spray ensemble͒ under DNS can be ordering-dependent, i.e., the Liouville density corresponding to each point in the product space A,B,C,... could evolve to a different final Liouville density even under identical initial gas-phase conditions, and ͑b͒ it is plausible that the symmetrization of these final Liouville densities can be different from the point SЈ which results from the evolution of S under DNS over the same time interval. Numerical simulations based on a complete specification of this experiment can be used to test the commutation hypothesis.
Consider an ensemble of three droplets where one droplet is colored red ͑R͒, another is colored green ͑G͒, and the remaining droplet is colored blue ͑B͒. The red droplet has radius r R , the green has radius r G , and the blue has radius r B . If the red droplet is located at position x R , then with probability 1 the green droplet is located in the annulus of radius lϪr R centered at x R ͑it is assumed that lϾr R ϩr G ͒. Furthermore, if the red droplet is located at position x R , then with probability 1 the blue droplet is located in the annulus of radius greater than 2l centered at x R . In other words, the blue droplet is never closer than the distance l from either of the other droplets ͑see Fig. 8͒ . The droplets can be initialized with zero velocity, with the position of the red droplet uni- formly distributed in a box of homogeneous, isotropic turbulence.
There are six different permutations of the three-droplet ensemble. If the ordering O1ϭ͕R,G,B͖ is considered, then the second droplet is almost surely within a distance l of the first droplet. On the other hand if the ordering O2 ϭ͕B,R,G͖ is considered, then the second droplet is almost surely farther than 2l from the first droplet. Clearly, the evolution under DNS ͑for some choice of turbulence parameters and droplet radii͒ of not only each realization, but of the multiparticle Liouville densities f ͓N s ϭ3͔ O1 and f ͓N s ϭ3͔ O2 themselves, can be different. If the distribution of the position of the second surrogate-droplet conditional on the position of the first surrogate-droplet is considered on the basis of the symmetrized Liouville density, then it is clear that it will correspond to neither of the orderings described. So not only will the evolution of each realization of the surrogate-droplet ensemble differ from that of any ordering of the physical spray ensemble, but the Liouville density corresponding to point S can itself can evolve under DNS to a final value which is distinct from the symmetrization of Liouville densities corresponding to AЈ,BЈ,... . Numerical testing is required to either confirm or disprove the commutation hypothesis.
Unless numerical tests based on this experiment can prove the validity of the commutation hypothesis, it would appear that DNS of the physical spray ensemble requires simulating the atomization process by which droplets are formed from liquid jet breakup-thereby resulting in a single realization of the spray ensemble. Otherwise there is no way to guarantee that the entire sample space of spray realizations is properly sampled in a DNS.
The preceding observations have serious, and sobering, implications for the DNS of multiphase flows initialized on the basis of a point-process statistical representation. There is no doubt that DNS is a very powerful research tool, but it is important to note that a careful examination of its current application to multiphase flows reveals that a true DNS is likely to be extremely computationally demanding. DNS of identical droplets is less computationally expensive, and although it is not truly representative of a spray it can be used to obtain insight into multiphase flows. If there are regimes where the commutation hypothesis holds, then DNS of nonidentical droplets initialized on the basis of the complete point-process statistical description can be used to accurately represent information concerning unordered events associated with the physical spray ensemble.
D. LES of sprays
LES methods are considered a promising approach to simulate the flow inside an IC engine because they have the capability of reproducing cycle-to-cycle variations which Reynolds-average Navier-Stokes models are incapable of representing. [34] [35] [36] This capability stems from the fact that LES governing equations are not ensemble-averaged. Sprays also exhibit similar variations from one realization to another. For instance, each plume emerging from different holes of a multihole injector can contain a different total number of droplets. 11, 12 Therefore, one might expect that LES of sprays can reproduce such variations from one realization to another.
This study shows that the ability of an LES model of sprays to reproduce such cycle-to-cycle variations is not an automatic consequence of the LES approach, but in fact this capability really depends on the statistical representation of the spray. In order to represent cycle-to-cycle variations the statistical model for the spray must account for the total number of droplet N s (t) being a random variable, and must assign probabilities p k to each of the events ͓N s (t)ϭk͔. If LES of sprays are also initialized like DNS on the basis of single-point statistics of sprays such as n s (x;t), they will not have the capability of reproducing the variations between realizations that are observed in experiments.
The advantage of the LES model for sprays lies in the fact that it can admit this statistical representation of the spray. However, assigning the probabilities p k to each of the events ͓N s (t)ϭk͔ is a formidable modeling problem in itself. Furthermore, if the LES is to be used to obtain ensemble-averaged spray properties that are useful for engineering purposes, then averaging will have to be performed over a large number of LES simulations ͓with one set of multiple independent simulations ͑MIS͒ for every choice of N s (t)͔. ͑The number of MIS will depend on the convergence rate of numerically computed estimates of the spray statistics of interest.͒ As in the case of DNS, this means that an LES based on a point-process statistical model of a spray is considerably more computationally expensive than currently reported LES simulations, if statistical variability effects are to be represented. Finally, any claim that LES constitute an exact simulation of the ensemble of physical spray droplets 6 is shown to be incorrect for the general spray problem. Such   FIG. 8 . Sketch of the numerical experiment to test the commutation hypothesis. The red droplet has radius r R and is located at x R . If the red droplet is located at position x R , then with probability 1 the green droplet is located in the annulus of radius lϪr R centered at x R ͑it is assumed that lϾr R ϩr G ͒. Furthermore, if the red droplet is located at position x R , then with probability 1 the blue droplet is located in the annulus of radius greater than 2l centered at x R . a claim can only hold for trivial spray problems with i.i.d. spray droplets.
XII. SUMMARY AND CONCLUSIONS
The statistical representation of a spray as a finite point process is investigated with the objective of developing a better understanding of how single-point statistical information ͑as contained for instance in the density of expected number of droplets in physical space͒ relates to the probability density functions associated with the droplets themselves.
Two representations are considered which are exact analogs of the Klimontovich and Liouville representations in kinetic theory. The ensemble-averaged Klimontovich finegrained density is shown to be the droplet distribution function which represents single-point statistical information that is useful in engineering models of sprays. On the other hand, the Liouville description contains information about the multiparticle droplet pdfs, and is closer to the complete statistical description of the spray as a point process.
The Klimontovich and Liouville descriptions are related in a relatively straightforward manner in the standard kinetic theory, where one can assume that the particles ͑molecules or ions͒ are independent, and identically distributed. It is shown that spray droplets cannot in general be assumed to be independent, or identically distributed. Also the fluctuations of the total number of spray droplets about its expected value are significant. These differences between sprays and the kinetic theory description of particles preclude a simple relation between the multidroplet Liouville description and the single-point Klimontovich description.
If the statistical representation of sprays is to account for these differences, it is shown that the Liouville density must first be symmetrized. This corresponds to replacing the original ensemble of physical droplets with a surrogate ensemble. If the droplets are independently distributed it can be shown that each property associated with the surrogate droplet is the arithmetic mean of the property associated with each of the physical droplets in the ensemble.
The droplet distribution function is related to a sequence of single surrogate-droplet pdfs. It is also shown that the ddf is the probability-weighted superposition of number densities ͑each conditional on a fixed total number of droplets in the ensemble ͓N s ϭk͔͒ in phase space. It is also shown that the ddf is the density of expected number of droplets in phase space, and not a probability density function. The ddf is not the fundamental single-point statistical representation of a spray because different combinations of the sequence of single surrogate-droplet pdfs can result in the same ddf. The fundamental single-point statistical representation of the spray in terms of the sequence of single surrogate-droplet pdfs is described.
The implications of these findings for the ddf approach to spray modeling are discussed. It is shown which events can be characterized by the ddf, and which cannot. The joint pdf of velocity and radius which can be inferred from the ddf is related to the fundamental single-point statistical representation of the spray. Issues concerning the comparison of ddf based-spray model predictions to experimental measurements are then discussed.
An important consequence of this study concerns the relationship between the ensemble of spray realizations ͑or the sample space of the point process͒ and single-point statistics such as the density of expected number of droplets in physical space. Since the density of expected number of droplets in physical space does not uniquely specify the sequence of single surrogate-droplet pdfs that constitute it, it is shown that DNS of multiphase flows that are initialized on the basis of the average number density ͑or any other singlepoint statistic for that matter͒ must make sweeping assumptions concerning the sequence of single surrogate-droplet pdfs. This implies that current DNS studies that are initialized on the basis of single-point statistics ͑such as the density of expected number of droplets in physical space͒ are incapable of simulating the true ensemble of spray realizations, and hence their results need to be interpreted with caution. Furthermore, it is shown that the evolution of a DNS which is initialized on the basis of pdfs associated with unordered events is a valid direct simulation of a general multiphase flow only if the operations of symmetrization and DNS evolution commute. In the absence of a definitive proof of this commutation hypothesis, it is questionable to what extent such DNS of multiphase flows constitute a direct simulation of the physical droplets or particles. Similar conclusions are drawn for LES of multiphase flows. In summary, the study provides a comprehensive account of the point-process statistical representation of sprays and its implications for modeling and simulation of multiphase flows.
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APPENDIX: PROBABILITY BASICS
Some basic concepts from probability theory are reproduced here from standard texts, 37, 38 for the purpose of establishing precise definitions of terms which are used in this paper, particularly in Sec. XI A.
The mathematical description of random variables and events rests on the notion of a probability space, or probability triple, ͑⍀,F,P͒. The sample space ⍀ is a nonempty set that represents the collection of all possible outcomes of an experiment. The elements of ⍀ are called sample points. The -field F is a collection of subsets of ⍀ that has special properties. Informally speaking, the -field F contains all ''reasonable'' sets ͑including the empty set and ⍀͒, and all elements of F are called measurable events, or simply events. An important property of the elements of F is that they can be assigned a measure. A probability measure is a measure with the property that its total mass is unity.
A real-valued function X defined on ⍀ is a random variable provided that events of the form ͕XI͖ϵ͕ ⍀:X()I͖ are in F for all intervals I; i.e, X is a measurable function on ⍀ with respect to F. This definition makes it possible to assign probabilities to events ͕XI͖. It is useful to distinguish between a discrete random variable, whose probability measure is completely determined by the probabilities at a countable number of discrete points, and a continuous random variable, for which the density of the probability distribution may be defined. An example of a discrete random variable is the total number of spray droplets N s , which takes non-negative integer values. The probabilities p k ϭ P͓N s ϭk͔ completely determine the probability measure. An example of a continuous random variable is the one-component of the turbulent velocity field at a spacetime location U(x,t). The probability of the event ͓U(x,t) рu͔ is given by f U (u;x,t)du, where f U (u;x,t) is the probability density function of U(x,t).
A random variable can be viewed as a mapping from the sample space ⍀ to the space of reals R 1 , such that the preimage of every interval in R 1 belongs to F, i.e., all preimages are measurable. Often in modeling physical systems, the space of reals to which the random variable is a mapping, is somewhat imprecisely denoted ''the sample space.'' The distinction is not significant when physical problems are modeled as random fields, but it is of significance when considering physical problems modeled as point processes.
